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We develop generating technique for solutions of U(l) 3 5D supergravity via dimensional reduction 
to three dimensions. This theory, which recently attracted attention in connection with black 
rings, can be viewed as consistent truncation of the T 6 compactification of the eleven-dimensional 
supergravity. Its further reduction to three dimensions accompanied by dualisation of the vector 
fields leads to 3-D gravity coupled sigma model on the homogeneous space <S l O(4, A)/SO{4) x 50(4) 
qq~, or SO(4, 4)/SO(2, 2) x 50(2,2) depending on the signature of the three-space. We construct a 

■ 8x8 matrix representation of these cosets in terms of lower-dimensional blocks. Using it we express 

| solution generating transformations in terms of potentials and identify those preserving asymptotic 

, conditions relevant to black holes and black rings. As an application we derive the doubly rotating 

black hole solution with three independent charges. Suitable contraction of the above cosets is used 
to construct a new representation of the coset G2(2)/(SL(2, R) x SL(2,R)) relevant for minimal 
five-dimensional supergravity. 
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I. INTRODUCTION 

Since the discovery of black rings |l| in five dimensions, a variety of solution generation methods were develo ped 
to derive these solutions in a regular way and to construct their generalizations @, H, 0, [{J @, 0, H, S Ell EH HH 
! 0, EH EE El) E3j EH • These methods allow to find solutions possessing a certain number of isometries and they 
■ can be combined into three groups: i) applications of T-duality symmetries acting on scalar and vector fields in any 
dimensions, ii) the derivation of three-dimensional sigma models on homogeneous spaces, iii) further reduction to two 
C^l ■ dimensions to apply soliton techniques. Usually the third approach involves the second one as an intermediate step. 
Dimensional reduction of higher-dimensional supergravity theories to three dimensions accompanied by dualisation 
of the vector fields leads to the enhanced U-duality symmetries (hidden symmetries) which contain transformations 
1 useful for generating purposes. So far only a restricted class of hidden symmetries of five-dimensional supergravity 
(the vacuum SL(3,R) subgroup [H, H(|) was applied to the black ring problems. Nevertheless, an application of 
the level iii) technique based on this subgroup has led to impressive new results for vacuum black ring solutions 

9: SiailEaEllilESElE!. 
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For charged black rings, only the T-duality at the level i) was used until recently to generate such solutions from the 
uncharged ones. To proceed further to the level ii) one has to specify the five-dimensional lagrangian containing vector 
fields. Pure Einstein-Maxwell theory in five dimensions fails to produce three-dimensional sigma-model on a symmetric 
target space. Adding the Chern-Simons term, as prescribed by the minimal five-dimensional supergravity [2lL |22||. 
one obtains a more symmetric three-dimensional sigma-model with an exceptional group G2(2) acting as the target 
space isometr y I23I.I24J . [2ol [26l [27I . [28l I29I [30L l3ll (HjIH, [H, HH] . The corresponding generating technique was recently 
developed in 3aT 37l|. It amounts to using the 7x7 matrix representation of the coset G 2 (2)/{SL(2, R) x SL(2,R)) 
and opens a way to construct the most general five-parametric black ring solution of the minimal five-dimensional 
supergravity as well as its possible generalizations such as charged Saturns. 

The purpose of this paper is to generalize the same approach to £/(l) 3 five-dimensional supergravity with three 
vector fields. This theory can be regarded as a truncated toroidal compactification of the 11D supergravity: 
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where Fu-i = eL4[ 3 ] , according to an ansatz 

ds\ x = dsj + X 1 (dz 2 + dzl) + X 2 (dzl + dzf) + X 3 (dz 2 + dz 2 ) , (2) 

Ap] = A 1 A dzi A dz 2 + A 2 A dz3 A dz 4 + yl 3 A dz 5 A dz 6 . 

Here z 4 , i = 1, . . . , 6 are the coordinates parameterizing the torus T 6 . The three scalar moduli X 1 , (7 = 1, 2, 3) and the 
three one-forms A 1 depend only on the five coordinates entering ds\. The moduli X 1 satisfy the constraint X 1 X 2 X 3 = 
1, implying that the five-dimensional metric ds 2 is the Einstein- frame metric. The reduced five-dimensional action 
reads: 

h = Y^q- 5 J (#5 *s 1 - \GudX 1 A * 5 dX J - \GijF 1 A * h F J - ^SijkF 1 A F J A A 

G u = diag((X 1 )- 2 , (X 2 )- 2 , (X 3 )- 2 ), Fj — dAj, I, J,K =1,2,3, 

where the Chern-Simons coefficients 8uk — 1 for the indices /, J, K being a permutation of 1, 2, 3, and zero otherwise. 
Supersymmetric solutions to this theory were studied in a number of papers 138, 39, 4ft klL WA m, L45, 46, 47, 
l48j . The most general ring solution to this theory constructed so far ;4E} is a family of non-supersymmetric rings 
parameterized by three conserved charges Qi, three dipole charges qi, and a radius of S 1 , with the mass M and the 
two angular momenta J^, J$ being some functions of these seven free parameters. An existence of a larger family of 
non-supersymmetric black ring s with nine independent parameters (M, J^, J<j,,Qi,qi) is expected, such that reduces 
to the solutions of [45|, H(| 1471 148| in the supersymmetric limit. The generating technique developed in the present 
paper provides a sufficient number of parameters to construct the nine-parametric solution. 

It is worth noting that the ansatz ^ is far from being the general toroidal compactification of the 11-D supergrav- 
ity. The generic toroidal reduction leads to the five-dimensional theory with 27 vector fields and 42 scalar moduli, 
parameterizing a coset E 6 ^/USp(8). Correspondingly, the general black ring must contain 27 conserved charges and 
27 dipole charges. More accurate analysis (501 shows that 24 conserved charges can be generated from the above 
three by duality transformations, while the number of independent dipole charges is 15 (the number of independent 
four-cycles of T 6 ). 

Contraction of the above theory to minimal 5D supergravity is effected via an identification of the vector fields: 

A 1 = A 2 = A 3 = —=A, 
V3 

and freezing out the moduli: X 1 = X 2 = X 3 = 1. This leads to the Lagrangian 

£ 5 = R 5 * 5 1 — -F A * 5 F l -j=F A F A A. 

2 3v 3 

In this case our results go back to those of the Refs. [H, However, our matrix representation of the coset 

50(4, 4)/50(4) x SO (4) leads upon this contraction to a new representation of the coset G 2 (2)/{SL(2, R) x SL(2, R)), 
different and somewhat simpler than given in [3(| [3?j] • 



II. 3D SIGMA-MODEL 

A. Dimensional reduction 

To perform dimensional reduction of the 11D theory to three dimensions we follow an approach of Ref. [5l| (keeping 
all basic notations of that paper) which has an advantage to provide the roots of the hidden symmetry group directly 
in terms of the so called dilaton vectors (coefficients in the dilaton exponentials entering the reduced action). For 
this purpose we go back to eleven dimensions and consider compactification of eleven-dimensional supergravity on the 
torus T 8 = T 6 x T 2 parameterized by coordinates z , . . . , z s . It will be convenient to distinguish the six coordinates 
on the torus T 6 , corresponding to the reduction to five dimensions, z l , i — 1, . . . , 6, from those on T 2 , corresponding 
to the reduction from five to three dimensions, which will be denoted by elder indices p, q — 7, 8. The decomposition of 
the eleven-dimensional metric in terms of the five-dimensional and three-dimensional metrics incorporating a diagonal 
ansatz ([2]) on T 6 (sector z l ) and the KK ansatz on T 2 (sector z p ) then reads in the notation of [5l| : 

6 

ds 2 n = e^ds 2 + Y,^ k ' 3 (dz k ) 2 (3) 
fc=i 

6 

= c^dsj + e s ' s [e 2 ^(dz 7 +A 7 + X dz 8 ) 2 + ne 2 ^{dz 8 + A s ) 2 ] + ^ e 2 ^ 3 (dz k ) 2 , 

k=l 



3 



where A 7 , *4 8 are three-dimensional Kaluza-Klein one- forms from the reduction of the five-dimensional metric on T 2 , \ 
is an axion arising in the reduction of the four-dimensional one- form A 7 on the second cycle of T 2 : A 7 = A 7 + xdz s 
(in the notation of the Ref. [H| x = the factor k = ±1 is responsible for the signature: k = 1 for a space-like z 8 , 
and K = — 1 for a time- like z 8 . The eight-dimensional dilaton 9 is split into the sum of the T e and T 2 components: 

9 = a + 0, a= {ax,.. .,(76,0,0), p = (0, ...,0,<pi,9J 2 ), 
and the dilaton vectors can be presented as 

*a), s fc = V / 2/((10-fc)(9-fc)), ft =-(*-/*), 
0, (10 - fc)sfe, Sfe+i, Sfc+2, • ■ • , sgj , fc=1...8. (4) 

fc-i 

The relation between the dilatons and the moduli X 1 with account for the constraint X 1 X 2 X i = 1 is given by: 



(5) 




<p = 


7T 1 


+ ¥>2, 


a = 





X 1 X 2 X 3 = 


X 1 


= e 2 ^ 


■3 _ c 272-it 


X 2 


= e 2 ^ 


■3 _ c 274-it 


X 3 


= e 2 ^ 


■3 _ q2%-3 



(6) 
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(«*> a = E f^r ) • (7) 



To rewrite the ansatz for the eleven-dimensional three-form potential Ar 3 i in the notation of the Ref. [5l| we will 
use the pairwise indices ■ ■ . taking three values ii' = (12, 34, 56), together with the indices on T 2 : p = 7, 8, so 

that 

A[ 3 ] = 2^**' ^ ^ ^ + Q^'pdz 1 A dz l A <iz p . 

Here the one- forms A\2 — A 1 , A34 = A 2 , A56 = A 3 are the pull-back of the five-dimensional one-forms introduced 
in (J2J onto the three-space (assuming Au> — — A^i), and the scalars Aai p = (A127, ^347, A567, A128, ^348, ^568 ) are 
axions arising in the reduction of the five-dimensional one- forms on T 2 . 

Using the result of the Ref. [5l| . we obtain the following three-dimensional Lagrangian (for k = 1): 

ea' 1 ^ = Jfe - f (00? - ± £ e**^) 3 - J £ ^ (^ P ) 2 - | E ^( W " ^ (d X ) 2 + e^L cs , (8) 

i<i' p i<i' ,p 

where the field strength two-forms are defined as 

T 7 = dA 7 - d x A A 8 , J 7 ® = dA & , 

Fa, = dA vV - dA it , p j p q A A q , 7 7 7 = 7% - 1, 7 7 8 = -X, 

± ll'p — J pM-Tiii' q . 

The newly introduced dilaton vectors are related to the quantities defined in ijJJ via 

a ii' = fi ~\~ fi' ~ 3s, &ii'p = /j + fi' + /p 3s, (9) 

= — / P , ^78 = h~ fi- 

Finally, the Chern-Simons term reads: 



CcS ~ 144 



A dA kk , q A 
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where an eight-dimensional (T 8 ) Levi-Civita symbol is used. 

In our truncated toroidal reduction the six-dimensional part of the dilaton a is effectively two-dimensional in view of 
the four constraints (|5|)-([6|). So, together with the two-dimensional T 2 -dilaton ip, one gets instead of the 8-dimensional 
vector 9 the four-dimensional vector <p — (fa, fa, fa, fa) with the following components: 

' (- ln(X 3 ) + 4=^1 + ), fa = ^= (MX 3 ) - 4?¥>l + Pa). (10) 



It has the same norm: 8 



4 

2 

fc=i fe=i 



and the corresponding exponents convert to the four-dimensional ones as follows: 

e a 12 -9^ e a 12 .$^ e S,.*_ e Sr.* s £=(^, 

while the four-dimensional dilaton coefficient vectors in the new basis read: 

*ia = \/2(-l, 0,0,-1), a 34 = V2(-l, 0,0,1), a 56 = V2(0, -1, -1, 0), 

5i27 = V2(0, 0,1,-1), 3a47 = V2(0,0,l,l), a 567 = V2(l, -1,0,0), 

ai 28 = V2(0, 1,0,-1), 3m8 =V2(0, 1,0,1), a 568 = V2(l, 0, -1, 0), 

6 7 = \/2(-l, 0,-1,0), 6 8 = V2(-1, -1,0,0), 6 78 = V2(0, 1,-1,0). 

B. T 2 -covariant form 

It will be useful to perform reduction on a torus T 2 in the 2D-covariant form decomposing the five-metric as 

ds\ = X pq (dz p + a p )(dz q + a q ) - nr^dsl, 
where the 2D metric X pq (p = 7, 8) is introduced: 

X = c-^ Vl ( 1 2 X r ^ n \, detA= -T = K e~^ Vl ^ 2 , (12) 

and a p are the Kaluza-Klein one- forms: a 7 = A 7 — X-A 8 , a 8 = A s . For the moduli X 1 we have the following 
expressions in terms of r and the dilatons fa, fa: 

(X 1 ) 2 = e^(X 3 y\ (X 2 ) 2 =e-^(X 3 )-\ X 3 = T^e^K (13) 
Using the relations (p~C7|) - (fTTj) we can rewrite the metric Gu of the moduli space as 

Gu = --diag(e Sl2 ^e ff34 -' ? ,e 5 ' 56 - <? ). (14) 
r 

C. Dualisation 

To obtain a purely scalar 3-D Lagrangian we have to perform dualisation of the 2-forms Fui and T v . First of all 
we change notation from that of the Ref. [51( replacing the pairwise indices ii' — 12, 34, 56 by a capital Roman index 
I = 1,2, 3, and relabeling the axions similarly: 

F 1 = (F 12 ,F 34 ,F 56 ), u 1 = (A 127 ,A 347 ,A 5e7 ), v J = (A U8 , A 34 $, A 5es ). 

It is important to realize that the indices / are the vector indices in the moduli space endowed with the metric Gij. 
We also combine u 1 and v 1 into the T 2 -covariant doublet t/>* = (u 1 , v 1 ) with the index p relative to the metric X pq , 
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or, in the matrix form, ip 1 — ( U j ] . In what follows the summation over all the repeated indices is understood. In 



(15) 



this notation the field strength tensors will read: 

F 1 = dA* — dip* A a p , T 7 = da 7 + X da 8 , T s = da 8 . 



To perform dualisation along the lines of [5l| we introduce into the lagrangian |[8j three Lagrange multipliers fii 
ensuring the Bianchi identities for the two-forms F* — ippda p = dA 1 — d(ippa p ) and two Lagrange multipliers ui p 
ensuring the Bianchi identities for the two- forms da p — ^ p q T q . We also rewrite the Chern-Simons term as follows 
(see Eq. (3.29) in [EH): 

Ccs = i<W P Wp< A F K + -dip^f Y s A T s ), 
with e pq = —e qp , e 78 = 1. Integrating by parts we can present the lagrangian ([5]) as 



Co 



i? 3 * 1 — — -a- d(j) A i 



^ ^ e 11 p ^ * Fa' p A Fa' p 



-Gu-kF 1 AF J + G, Af' 



i<i' .p 



_ ie^* T 7 KT 7 - n-e^*F s A + G p A T p , 
2 2 p ' 

where the one- forms G/, G p are related to the scalars fii, uj p as follows: 

Gj = dfij + U UK d^ J p^e p \ 

G 7 = V 7 , G 8 = V 8 -xV 7 , 

V p = dujp - ip* p (d^ + ^5 IJK dtqi>r£ qr ) > 

Then, eliminating the initial two-forms F* , T p via the equations of motion 

F 1 = t~ 1 G ij *Gj, T 7 = -ne- tr ^*G 7 , T % = -e^ 8 '^*G 8 , 



(16) 



we obtain the lagrangian in the dual terms: 



C 3 = R s *l-~*d$Ad$-^J2 eSii ' p '^ * F *'p A 

+ \ T ~ lGlJ * °i A Gj - K^e'^ * G 7 A G 7 - -e- ?8 ^* G 8 A G 8 , 

where G 7J is the inverse moduli metric G/j. Note that the signs in the dilaton exponents were inverted under 
dualisation. The Eqs. (TT5")) together with the relations e br = —kt\ 77 , e bs '^ — t(x^78 — Ass), which follow from the 
definitions (fT0|) - (fTTj) and (fT2|) . enable us to rewrite the Eqs. (fT6|) as the dualisation equations covariant with respect 
to all indices: 

T\ pq da q = -kVp, 
dA 1 = dipL A« p + t- 1 G ij *Gj, 



or, explicitly: 



A <9 [ V l9 — - ( 

Pq ~ 2rVh 



L f pq 
q c 



(17) 
(18) 



where the antisymmetrization is assumed with 1/2. 

Combining all the above formulas we can present the dualised action as that of a 3D gravity coupled sigma model: 



h ij d 3 s 
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where is the inverse metric of the three-space, i?3 is the corresponding Ricci scalar and Gab(^ A ) is the metric 
of the target space parameterized by sixteens scalar variables $ A = {<j>, ip 1 , fij, x, u P ), which can be read off from the 
following line element: 

dl 2 = G AB d<I> A d<S> B (19) 
= i(W) 2 + ne^+^iGtf + n C ^^-^\G 2 f + Ke^^ (G 3 ) 2 
+ e V2(4> 3 -M {du if + e V2(04+0 3 ) (dM 2 )2 + e V2{^-^) (du 3 )2 

+ Ke ^~^ (dv 1 - xdu 1 ) 2 + kb^^+M (dv 2 - X du 2 ) 2 + Ke^-*a) (dv 3 - X du 3 f 
+ K e^+^(G 7 ) 2 + e^ + ^(Gs) 2 + ne^~^d X 2 ) ■ 

This line element can be more concisely rewritten in the T 2 -covariant form: 

df^^GuidX'dX' 1 ' + di// T X^d^j-^r^G'JG^j + ^Tr (\- 1 d\\- 1 d\) + ^T- 2 dr 2 -^t-^ X^V. 



D. Hidden symmetry 

The set of the dilaton vectors aw, au' P , b p , 673 is directly related to the root system of the isometry algebra of the 
target space [5l[ . Enumerating them as 

- a«/ = (ei, e 2 , §a); a it i 7 = (e 4 , e 5 , e 6 ); fin's = (eV, eg, eg); -b p = (e w , en); b 78 = e 12 , 

one can easily see that these twelve four-dimensional vectors form the system of positive roots of the algebra so(8). 
Indeed, from the relations @ and the property 

8 

k=l 

one can express e*i, e*2, S3, eV, e*8, eg, e*io, e*n in terms of e\, e*5, e§, e\ 2 as follows: 

e> = V"eff+3 + ei2, ei+e = er+3 + ej.2, 



eio 



efir+3 + ei2, e*n = ^ eff+3 + 2el 



It is clear then that the vectors e*4, e*5, e*6, e*i2 are the simple roots forming the Dynkin diagram of so(8) [52j |. 

The signature of the target space is +16 for n — 1 (dimensional reduction in all space-like directions) and (+8, —8) 
k = — 1 (one of the reduced dimensions is time-like). Then it is easy to recognize that the isometry group is the 
non-compact form £0(4, 4) of the 50(8), whose Killing metric has the signature (—12, +16), while the target space is 
the coset 50(4, 4)/50(4) x 50(4) for n = 1 and 50(4,4)/50(2,2) x 50(2,2) for k = -1. For these both symmetric 
spaces the scalar curvature is negative: 

K = -96. 

Denoting the four-dimensional Cartan subalgebra of so(4, 4) as H, and the generators corresponding to the non-zero 
roots ±ejt, k = 1, . . . , 12 as P ±I , W±i, Z±i, Sl ±p , X ± , we will have the relations: 

P ±! <-> ±ej, W±j «-► ±ej +3 , Z±j <-> ±e> + 6, Sl ±p ^> ±e P +3, <-»■ ±e*i 2 . 

The commutators of these generators with the Cartan subalgebra H read: 

[H,X±] = ±S 12 X ± , 

[H,YP ±I ] = ±e J+ 3( P -6)S^ Z) (20) 
[tf,P ±J ] - ±e>P ±/ , 



7 



where we have arranged Wi, Zj into a column vector Ej = I ^ I . The remaining non-zero commutators are 
obtained from the relations between the root vectors 

e/+3 + ej +6 = e K , e I+3 + e 12 = e I+6 , e /+3 ( a+1) + e*/ = e Q +io (a = 0, 1), e 12 + e 10 = e u , 
where in the first equations /, J, K are all different. One finds: 

\P±i,V±j] = Tt pq Sij K P ±K , [X% I) T? ±J ] = ± ( ?*6 I jX± 

[X^W^] = tZ±i, [X t ,Z ±i ]= T W ±i , (21) 
[S p ±7 ,P ±J ] = T^ ±p , p p ±I ,P^]=± £ P q 6 IK 5 KJL ^ TL , 

We will give the generators of 50(4,4) as differential operators acting on the target space manifold in what follows. 



III. COSET REPRESENTATIVE 
A. The strategy 

As a convenient representative of the coset one can choose the upper triangular matrix V which transforms under 
the global action of the symmetry group G by the right multiplication and under the local action of the isotropy 
group H by the left multiplication: 

V -> V = h($)Vg, g€G, he H. 
Given this representative, one can construct the H— invariant matrix 

M = V T KV, (22) 

where K is an involution matrix invariant under H: 

h{$) T Kh{<$>) = K, (23) 
(dependent on the coset signature parameter re) . Then the transformation of Ai under G will be 

M -» M' = g T Mg. (24) 
The target space metric (fl9t in terms of the matrix M. will read 

dl 2 = --tr(dMdM~ 1 ). (25) 
8 

The desired upper-triangular matrix V can be constructed by an exponentiation of the Borel subalgebra of the Lie 
algebra of G consisting of the Cartan H and the positive-root E + generators (in what follows we omit the sign + in 
the indices): 

V = V H V E+ = VhVxVvVuVp, 
where the matrices Vjj, Vx, V*, Vn, Vp are the exponentials: 

V H = e*** 
V x = e x *, 

V* = e^ E ', (26) 
Vq = e^ n \ 
V P = e^ p '. 

Using (|25|). one can rewrite the target space metric in terms of the matrix current J = dW^ 1 as follows: 

dl 2 = \^{J 2 ) + ^triJ^KJK- 1 ). 
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Using the Eqs. (j26|) and the commutators (|20)) and (|2Tj) for the positive- root generators, one can show that the matrix 
current one- form J is spanned by the Borel subalgebra generators as follows: 



J = dVV- 1 = -d$ ■ H + e^ 12 'J d X X + ^e^'+ 3 ^ du 1 Wj + ^ei Sl+6 ^ (dv 1 - xdu 1 ) Zj 

i i 

+ e^+^G p Q p + ^ Sl $ Gi P 1 . 



B. Matrix representation 

We use the 8x8 matrix representation of the so(4, 4) algebra given in the Appendix A. The exponentiation of the 
Borel subalgebra gives the coset representatives in the following block form: 

v=( s % 

\ s 

where S and R are 4x4 matrices which in turn have the block structure: 

In what follows we use the symbol T to denote transposition with respect to the minor diagonal and the symbol A 
to denote A = —A T for a degenerate matrix A (det A = 0) and A — (A _1 ) T for a non-degenerate A (detA ^ 0). In 
particular, 



(v I ) T = (« / ,A ^ = -{v I ,u I ), tf) 

When applied to a matrix written in the block form, this means 

S - 

In the above blocks we use the following 3x3 matrix potentials: 



bj Sij 



h 



















02 


? 




• 













03 / 















u 3 


— V 


























fi 3 = ( -fl 3 



and the 3-columns: 

*a = I V a I , fi, a = 
V / 

An explicit exponentiation in pi?)) gives the following 4x4 blocks for the partial coset representatives: 

/e^" \ 
Vh ■ Sh — i , , Rh = 0, 

\ e^ 04 J 

Vx : Sx — [ G q j ) ' ^ x = ^' 



V * ■ - ^ 1 J' *^* 3 



where 



* = ^ f *12 + ^S*^ + *12* 3 ) + ^*3*12*3j + ~(1 <-> 2). 



The remaining exponentials are: 

Vn : Sii=|j jj, Rn = ( ® q ) . <? = I' I\ 

Vp: 5 P =(J^), r p =(* -n-fea'M n = ^ + ^ 3 . 

For the -ftT-involution matrix we have the following block representation: 



x 1 , 

Multiplying all the matrices Vh , Vx , V* , Vn and Vp we obtain for the coset representative V: 

v=( o ~), s = (s-Y, 



where 

S 



e^ 04 / 



e^*e-xpi 2 , e7*V* (e* 3 (ft - H- ju 2 ® Mi) + e^* 3 Y? a=l V* <g> £ a + * 
Finally, we construct the gauge-invariant representative of the coset 



i? 



with the block components Q = —Q T : 

Q = ( fH + c-^ 3 ^, -n + i(f 2 i-*i 2 ) + fi-/i2®*2 r + 5^3(5*12^*21) -#2 ®£a -3(5*1 

v 0, Mi + ^e"^ 

and T 5 : 



The matrix A entering this expression reads: 

_-t 1 1 J - / Ke^ 1 

A = e x e^fte^ e x = I ~o I 

A / 



where the 2x2 matrix A , related to A as A = (X 3 ) X A, is given by 

A _ p-%/203 ( 1 X \. TO _ KO V^02 [ 1 ~K 

The following relations are useful: 

A° 77 = -^, A° 78 = ^, 3& = -^, r = -det(A°) = - K e-^^ 3 ), r = 7* 

TO TO T 
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IV. ISOMETRIES OF THE TARGET SPACE 
A. Transformation of the coset 

To classify 28 isometry transformations SO(A, 4) of the target space we consider the action of one-parameter 
subgroups generated by 

H, P ±J , W ±I , Z ±I , n ±p , X ± . (30) 



In terms of the gauge- independent coset matrix M. the isometries are represented by (J24J). In conformity with the 
matrix representation (|Aip we can distinguish three types of the SO(4, 4) matrices g: 

• The 'right' upper-triangular matrices generated by the -B-type elements of so(4,4): 

/ i uB \ 



ff fl = e aL = ^Q 1 , C = P L ,P A ,W 2 ,Z 2 ,n',tt 

whose action on the coset components V and Q consists in the shift 

V — >V' = V, Q — >Q' = Q + aB. (31) 
These correspond to gauge transformations. 
• The "central" block-diagonal matrices with the upper-triangular blocks 

9Su = c" C = ( ^ ) , c = p2 i W u Ws, Z x , Z 3 , X, 

with the lower-triangular blocks 

9Sd = e aC = ( ^ Jp "j, C = P- 2 ,W^,W- 3 ,Z_ U Z_ 3 ,X-, 

and with the diagonal blocks 



These act on the V and Q blocks as follows: 

V — ■+ V = c aMT Te aM , Q — > Q! = c^ aAI Qc a ^, (32) 
where M — A, A T or An i for g — gs u , gsd or g$ respectively. 
• The "left" lower-triangular type matrices 

( 1 

9l - U qbT i 

whose action on the V and Q is highly non-trivial 

V = V + aVQB T + aBQ T V + a 2 B(V + Q T VQ)B T , 
V'Q' = TQ + aB(P + Q T VQ), 
V + Q T VQ = mv. 

It is this part of isometries which contains the charging transformations. 
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Meanwhile, there exists a reflection symmetry of the root diagram interchanging positive and negative roots. This 
enable us to reparameterize the target space metric introducing the dual coordinates in which the positive root 
generators look the same as the negative roots generators in terms of the initial coordinates $> A . Thus the dual coset 
matrix A4d(& A ) constructed from the dual potentials will be transformed under the action of the lower-triangular 
generators in the same way as the coset matrix M.($ A ) under the gauge transformation gu. We find that the dual 
coset matrix is an inverse of the initial coset matrix: 

V- x + QV- l Q T -QV- l \ 

-p-lQT V- 1 ) ' 

The transformation of the M. components under g^ is then described as the shift of the dual matrix Qd 

Vd 1 — > (Vj 1 )' = V d \ Q d ^Q' d = Qd- aB. 



Md= (Q T dVdVd + Q T dVdQd =M = \ 



B. Finite transformations explicitly 



From now on we will assume K = — 1. Using Eqs. (j3Tj) and (|32|) it easy to find the finite actions of the Cartan and 
the positive-root transformations. The diagonal ones give: 



H 2 : 4>2 — (f> 2 + 2a 2 , uj' 8 = u s e " 2 , v[ = v±e ° 2 , v' 2 = v 2 e 
u' 3 = u 3 e a \ ^ = /i 3 e- a2 , x' = xe- Q2 , 



H3 : <p' 3 = 4> 3 + 2a 3 , lu' 7 = uj 7 e " 3 , u[ = Uie Q3 , u' 2 = u 2 e ° 3 , 
v' 3 = v 3 e a *, ^ = / i 3 e- a3 , X ' = xe a \ 

H 4 : </>' 4 = <t> 4 + 2a 4 , Vi = ^e" 4 , = V^" 4 , n[ = fte"" 4 , fi' 2 = fi 2 e a \ 

The upper-triangular matrices (positive-roots) produce gauge transformations of the potentials $> A . Namely, the 
generators P 1 and f2 p give simple gauge shifts of the potentials fii and the KK-potentials uj p respectively: 

Mi = I 1 1 + a ln w p = + a Z> other potentials invariant. 

The generators Wj and Zj of the electromagnetic sector produce the gauge shift of the axions u 1 and v 1 respectively, 
changing also some other potentials: 

Wi : (u 1 ) 1 = u 1 + a 7 , /Ltj = fij + -8ukoi i u v k , no sum over I, K 



\ ^2 SiJKttiu J v K , u' s = w 8 + j ^ S IJK a I u v J v K , no sum over/. 



: (v 7 )' = 1/ + a 7 , /x'j = /i,/ - ^S IJK a I v u K , no sum over 7, if 

ui' s = w 8 + a 7 ^/ - - ^ S IJK a I v u J v K , w 7 = w 7 - i 5u K alu J u K , no sum over /. 

J,A' 

Finally, the generators X and X - lead to finite transformations: 

X : (v 1 )' = v 1 + a x u 2 , = cjs + «x w 7i 

X ' — X° X ' — X° -I- n X° X ' — X° _1_ Orv X° 4- rw 2 X° 

A 77 — A 77' A 78 — A 78 + a X A 77' A 88 ~ A 88 + 2a X A 78 + a x A 77 

X~ : (u 1 )' = u 1 + a_ x w 7 , 0^7 = 0^7 + a_ x cj 8 , 

X ' — X° X ' — X° 4- n X° X ' — X° 4- Or* X° 4- n 2 X° 

A 88 — A 88' A 78 — A 78 + a -x A 88' A 77 — A 77 + za ~X A 78 + a - X A 88 ) 

with the remaining potentials invariant. 
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C. Killing vectors 

To find the differential operators generating isometries (the Killing vectors Xj~ of the target space) from the finite 
transformations one can use the defining equations 

d$ A ' d 



dak 



a k =0 d<$> A ' 



where $ A = $> A ($ B , are the potentials transformed under the action of the one-parametric subgroups. Here we 
give Xk corresponding to the Cartan, positive-root and X~ generators. The others Killing vectors are much more 
complicated and we will present them in the next section only for the vacuum seed potentials. Enumerating the 
potentials as $> A — (X 1 , X 2 , A° g , ip 1 , fii, oj p ) and the parameters as ak = (oil, ola, a^, a^, al , a x , a_ x ) we find 
the following set of the Killing vectors: 

M ^ = 2X ^w q + ^ + sq ^ + % ^ + 

H\ + Ha „,„,.,„, 8 , 1 d , , d , o d „ d d 

aij* . m>JL + , g JL _ ^ _ ^ _ 2(12 jl _ „ p jl 

n» = — , p' = — , 

where M p q are given by 

M 7 7 = --i=(i? 1 +i?3), M 8 8 = ---j=(# 1 + # 2 ), M 7 8 = X, M 8 7 =X-. 



V. SOLUTION GENERATING TECHNIQUE 



The use of the target space isometries for generating purposes consists in three steps. First, one has to choose the 
seed solution and to find the corresponding target space potentials. This involves solving the (differential) dualisation 
equations. Then the isometry transformations are applied to get the target space potentials of the new solution. 
Finally one has to solve back the dualisation equations (|18[) to obtain new solution in terms of the metric and the 
matter fields. The three-dimensional metric remains essentially the same. 

Since the dimensional reduction from eleven to five dimensions does not involve dualisation, an identification 
of solution in five-dimensional or in eleven-dimensional terms is the matter of choice. Five target space variables 
4>i, 4>2, <p3> 04 > X enter the eleven-dimensional metric algebraically, via the moduli X 1 , X pq : 

ds 2 n = X 1 (Adz 1 ) 2 + (d/) 2 ) + \ pq {dz p + a p ){dz q + a q ) + T- 1 h ij dx i dx j , 

while the KK vectors a p in the T 2 sector are related to the target space potentials u p via dualisation. In the form-field 
sector, 

A [3] = (A 1 + t^ldzP) A dz 1 A dz 2 + (A 2 + *p 2 dz p ) A dz 3 A dz 4 + (A 3 + ip 3 dz p ) A dz 5 A dz 6 . 

the six quantities ip p are the target space potentials, while the remaining one forms A 1 are related to the potentials 
fii via dualisation. 



A. Asymptotic conditions 



To find a proper direction in the target space which would lead to the solution with desired properties is a non-trivial 
task, and usually it invokes an identification of the subgroups of the isometry group preserving certain asymptotic 



13 



conditions for the metric (and/or the form field). For the black hole/black ring applications several such conditions 
are of interest. 

• Minkowskian metric 

Consider the eleven-dimensional Minkowski metric in the Cartesian coordinates (assuming k = —1) 

7 3 

ds? 1 = ]>>z fe ) 2 -(dz 8 ) 2 + 5>**) 2 , A [3] =0. (33) 

k=l i=l 

This correspond to Ass = — 1 ; A77 = 1 and all other potentials zero. Consequently, the coset matrix M a s = K. 
By virtue of Eq. (p?3"|) . such an asymptotic is preserved under isometries belonging to the isotropy subgroup H 
of the SO (4, 4): 

p' + p- 1 , Z1 + Z-1, W1-W-1, x + x~, n 7 + n- 7 , n s -n~ 8 . 

• Flat metric in the S 2 x S 1 fibration 

Another useful form of the flat metric is appropriate to the five-dimensional ring problems is 

ds 2 = -{dtf + r 2 cos 2 0(<#) 2 + dr 2 + r 2 (d9 2 + sin 2 9d(f> 2 ), 

and the reduction is performed along t, ip where ip have the sense of the angular variable along S* 1 in the ring 
S 2 x S 1 fibration. We identify z 7 = ip, z 8 — t, then the target space variables Ass = — 1, ^77 = t = r 2 cos 2 8. 
Preservation of the above line element is more restrictive: from an analysis of an infinitesimal action of generators 
(l30l) we find the only combination of the Killing vectors 

Zj + Z-L 

Mathematically, this is related to the coordinate dependence of the asymptotical matrix 

• Guisto-Saxena coordinates 

However one can perform dimensional reduction with respect to the combinations (f>± — ^((f> ± tjj) instead of ip, 
as suggested in the Ref. [53|. In this case the coset matrix M.^; will be coordinate independent. The target 
space potentials then read 

A 77 = t, A 88 = -1, ^7 = t, t = t 2 (34) 
(other potentials zero), so the coset matrix M. as will be given through the following constant 4x4 blocks: 

/ -7-- 1 00\ /OtOO 

Vas = 



-100 Q 10 
t- 1 ' I — t 



\o 001/ \0000 

To find the appropriate combinations of the Killing vectors consider their vacuum form setting all electromagnetic 
potentials to zero and taking X 1 = 1 (in this case A = A): 

Hi + H 4 _ d d H t - Hj _ o d d 

~ axi Wp &V V2 _ OX 2 

yp- d yp -,, 9 +\ 9 P i- 9 p-i - n 9 
9Vp om dip* dm 'dt/j'j, 

d d d 

VL P = , ft P = -2\ pr CU s — (uj p UJr + TXp r )- — . 

OLUp OA rs OLU r 

Conditions (|34[) then give the following linear combinations preserving Ai a s- 

Z1 + Z-1, W-1 + p- 1 , x-n- & . 

More general physically interesting asymptotic conditions may be encountered for five-dimensional type D metrics as 
discussed in I54II. 
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VI. THREE-CHARGE BLACK HOLE WITH TWO ANGULAR MOMENTA 



55 . |5J, |57|, m m, M, M, ISA IM 16J, |65j, |66j, 167|] and supersymmetric [6J, |69j configura- 
70j|). Somewhat surprisingly, the simplest Einstein-Maxwell theory in five dimensions 



Five-dimensional stationary charged black holes were investigated for different couplings of vector fields to gravity 
both for non-supersymmetric 
tions (for a recent review see 

does not possess analytic solutions like the Kerr-Newman black hole in four dimensions. This is related to the lack 
of hidden symmetries which are enhanced in the supergravity action due to Chern-Simons term. The enhancement 
endows us with charging symmetries which open the way to construct the three-charge doubly rotating black hole solu- 
tion from the 5D vacuum Myers-Perry metric. We assume the following choice of coordinates: z-j = ip, z% — t, r, " 
and denote the rotation parameters as a,b. The seed solution then reads: 



2 2 

ds 2 = -dt 2 + ^dr 2 + p 2 d8 2 + (r 2 + a 2 ) sin 2 9d<t> 2 + {r 2 + b 2 ) cos 2 9d^ 2 +p(dt + , 
Using the relations between the metric components and the target-space potentials: 

9tt = ^88, gtifi = ^78, 9i>4 = A 77, 

9t<f> = Assa^ + A7 8 a^, = A7 8 a* + \77ajp, 

g<t>4> = '*88i"<^ 

we find the a- model variables: 



'9d<p + b cos 2 0dip) 



(35) 



A 88 (a^) 2 + 2A7 8 a^a^ + A77(a^) 2 +r % 



A 8 8 — — 1 

,7 



■p, X rs = pb cos 9, A77 = (r +b ) cos 9 + pb cos 



b 2 - 



■ pa 2 cos 2 9) cos 2 9, 



11. = t 1 pab sin 2 9 cos 2 9 , a? 



-r 1 p(r 2 + 6 2 )asin 2 9 cos 2 9, uj-j = —pabcos 4 9, cag — —pa cos 2 



The invariant three-metric reads 



hijdx l dx J = t 



2 2 
p r z 



dr 2 + p 2 d9 2 



■ sin 2 9 cos 2 



rp sin ft cos ( 



where 



P = -o) 

p 



2 2 

p = r 



a 2 cos 2 1 



+ b 2 sin 2 9, A = (r 2 + a 2 )(r 2 + b 2 ) - (r Q rf 



To equip this vacuum solution with three electric charges, we perform the following transformation: 



M' = u T Mn, n = JJ. 



where the product of one-parametric exponentials reads explicitly: 



n 





C3 





-S3 














"\ 







C\C 2 





-S]C 2 


-C1S2 





-S1S2 







-S3 





C3 






















-S1C2 





cic 2 


S1S2 





C1S2 










-C1S2 





sis 2 


C\C2 





S1C2 






















C3 





S3 







-S\S2 





C1S2 


S1C2 





C1C2 





V 

















S3 





cj 



ci = cosh(aj), si = sinh(a/). 



Using formulae of the Appendix D, one can extract the transformed potentials in the following form: 



77 



D~ 2 ' 3 cos 4 8lpb 2 -p 2 (.s 2 (a 2 + b 2 ) + 2a b c s + a 2 £ sjs 



2 „2 
J 



KJ 




1 \/ 

9tip — A 78 

9tt — A 88 



(u 



+ D 1/3 p 2 cos 2 9, 
= D~ 2/3 cos 2 9p{bc 

= D-^ip-l), 
= D- 1 ' 3 t, (X 1 )' 
p cos 2 9 



sa — psa), 

£»l/3 



Dj 
Dj + Dk 
2DjD k 



(aciSjs K + bsiCjc K ), 



pcos 2 9(a siCjck + bciSjSK), I 7^ J 7^ K. 
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p 2 cos 4 9 



< cs{a 2 + b 2 ) + 2abs 2 + ab s 2 s 2 + ^p(cs(a 2 + b 2 ) ^ sj 

{ KJ I 



ab(j2 s2 i s2 j( s2 i + S J) ~ E fl M + 3fi2 + 2s ' E s ') ) + P W 



KJ KJ 



p COS 



r^'s -!- 1 — — — < bs +p.sb(3 + ,s 2 ) + ^p 2 ((ca + sb) ^ s 2 s 2 + 3sby^ s] ) + p 3 acs 2 

{ I KJ I 



where 



f[ci, s = Y[si, D = Y[D!, D I = l+ps 2 I . 



Note that metric (1351) is invariant under an interchange of the angular coordinates tp an( i 4> together with the cor- 
responding rotation parameters <f> <-> ip, 9^9 + n/2, a <-> b, namely, g u «-» 5tt, St*/> 3t</>> fity^ 5<M>; ^ 
^ We assume that this symmetry remains valid for the charged solution |35|) as well. This simplifies an 
extraction of the final form of the solution avoiding the inverse dualisation. As a result we obtain the five-dimensional 
one-forms A 1 and the metric components as follows: 



A 1 = jj- ysicidt + (b as jsk + a sicjck) sin 2 9d<fi + (a c/s jsk + b sicjck) cos 2 9d?pj , I^J^K 
g' H = D-2/3 sin 4 6 La 2 - p 2 (s 2 {a 2 + b 2 ) + 2a b cs + 6 2 ]T s 2 s 2 ) + (a 2 - b 2 ) (l + p^ sj 



KJ 



+ D 1/3 p 2 sin 2 9, 
g' t4> = D~ 2/3 sin 2 9p(ac + s b -ps b), 



cos 2 9 sin 2 9p I ab - p(ab ^ sjs 2 + (a 2 + b 2 )cs + 2abs 2 ^j 
\ KJ 



h '.. = hij , j^fl 1 '^, aL = D^p 2 . 



This solution generalizes the solution found by Cvetic, Lu and Pope [571 ] for equal rotation parameters within the 
gauged 51? supergravity, reducing to the latter for the gauge-coupling constant g — 0, an identification a = b = I 
under relabeling si — > — sj, if), cf> — * —tp, —(f), A 1 — » —A 1 . The three-charge doubly rotating black hole solution within 
the compactified heterotic theory was given in [55[. 

VII. G 2(2 ) EMBEDDED IN 50(4,4) 

The present model reduces to minimal five-dimensional supergravity under the following indcntifications 

ijj^ — ip 2 — iJj 3 — /ii = (i2 = Ms = M> A° = A, X 1 =X 2 = X 3 = l, (36) 
leading to the relations: 

01 = 7^(^2 + T^^ 1 )' ^2 = _ ^0) 03 = y|^i, 04 = 0. 

In this case the target space metric of the three-dimensional sigma-model will read: 

dl 2 = i(rf^ 2 + d<p 2 2 + 3Ke V2+ ^ Vl G 2 + 3e^ Vl du 2 + Z^-^ 1 {dv - X du) 2 + kc^+^G 2 . 

+ e 2lfi2 G 2 s + Ke^-^dx 2 ), (37) 
where the one-forms are: 

G = dp, + vdu — udv, 
G 7 = V 7 , G 8 = V 8 -xV 7 , 
V p = dujp — ipp (3d/x + e qt dtjj q tpt) ■ 



16 



This manifold is invariant under the G 2 ( 2 ) subgroup of the 50(4,4). Dimensional reduction of the 5D minimal 
supergravity to three dimensions was recently studied in (3(| H3] ■ In the notation of [H, H3] the indices p, q, t take the 
values 0, 1, the coordinate z 7 is time- like and the matrix A is related to the present one by transposition with respect 
to the minor diagonal. In matrix terms the target-space metric (|37p reads: 

dl 2 = ^Tr (X-'dXX-'dX) + \r- 2 dr 2 + h^X-Hi, - i r - 1 V T A- 1 V - ^G 2 . 
This coincides with the result of [H, H3] for the Euclidean signature of the three-space (k = —1). 



A. <?2(2) subalgebra of so(4, 4) 

The above contraction to G 2 r 2 ) can be described in terms of the root space as follows. Consider the root vectors of 
the so(4,4) algebra in the following basis: 

/ 1 1 1 \ ^ ( 1 \ ^ ( 11 1 

ei = \s ,sH — , — , s , e-y = 1, —1, — , s , e-? = — s , s, — , s 

l ^ 2' 2' 2' y ' V 2 / V 2 2 2 

C4 = Q -s,-s- ^,l,o) , e 5 = (-1,1,1,0), e 6 = (s+ ^,s- ^,l,o) , 

eV = Q- s »- s -^-^ s )> gs= (-1,1,-5,*), ^=( s + ^ s -^-^ s 

eio = (o,0,|,s), e u = (0,0,0,2s), e 12 = (0, 0, -|, s) , s = 

Examination of this pattern shows that the following combinations of the triplets of the so(4, 4) root vectors 

a±i = -^e±i, a±x = -y^e±(j + 3), a ±3 = - ^ e ±(/+6) , 
6 1 6 1 6 1 

together with _ _ _ 

a±5 = e±io, a±6 = e±n, a±2 = e±i2, 

form the standard set of the 32 roots satisfying the relations: 

a± 3 — ±(a 1 + a 2 ) , a± 4 = ±(2c?i + a 2 ), Q?±5 = ±(3o?i + <3 2 ), «±6 = ±(3d?i + 2a 2 ). 

The corresponding generators read: 

Mi = ^(H 1 -H 2 + 2H 3 ), M 2 = ^(/fi + Ha), 
They obey the following commutation relations in the Cartan-Weyl form: 



[P + ,P-]: 


= + 




[W+,W-] 


= Mi, 






= —Mi - 
2 1 


^M 2 , 


[o 7 ,fr 7 ] 


3 

= 5 M + 




[X+,X~] 


= -^Mi 
2 


+ ^M 2 , 




= T« ±? , 




[W±,Zfc] 


= TP ± , 






= T^, 




[X±,0 ±7 ] 


= T^ ±8 , 





and so on. 
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B. 8x8 matrix representation for the coset G 2 (2)/(5L(2, R) x SL(2,R)) 



Contracting the set of the potentials $ A according to the conditions (f36j) . we obtain the following representation 
for the coset blocks V and Q: 



ji, uj- /if, 

ip T , /icr 3 , uj - [i^ T | , er 3 
0, V T , 




1 

-1 



1, ?? T , _ A* 

■p = — r _1 J ?7, 7777 T — tA, ?7/i — t\i\j t ] , 77 = 03^. 
/i, 7y T /i — ti/'A, /i 2 — r — Tip\ip T 

This gives a 8 x 8 representation of the coset G2(2)/(5L(2, R) x 5L(2, R)) of the minimal five-dimensional supergravity 
reduced to three dimensions, alternative to the 7x7 one given in [3a. l37j. 



VIII. CONCLUSIONS 



In this paper we have constructed a generating technique for the U(l) 3 5D supergravity with two commuting 
Killing symmetries. This theory is reduced to the three-dimensional gravity coupled sigma model on symmetric 
spaces 50(4,4)/50(4) x 5*0(4) or 50(4, 4)/50(2, 2) x 50(2,2) depending on the signature of the three-space. The 
classical U-duality group of the three-dimensional theory is the 28-parametric non-compact group 50(4, 4) which 
acts transitively on the target space. This enables one to generate new five-dimensional solutions with the same 
three-metric from the seed ones. We were able to obtain finite transformations in terms of the target space potentials, 
and, in addition, we constructed the 8x8 matrix representation of the coset, which is convenient for performing 
the transformations explicitly. Particular combinations of transformations were identified which preserve asymptotic 
conditions relevant for the black hole and the black ring problems. We presented the action of charging transformations 
on a neutral seed, assuming the dimensional reduction in terms of Guisto-Saxena coordinates. 

As an application, we have constructed a new rotating five-dimensional black hole with three independent charges 
and two rotation parameters. Our technique allows in principle to generate black rings with the maximal number of 
parameters (a mass, two rotation parameters, three electric charges and three magnetic dipole moments), but so far 
our attempts to find such a solution in a concise form were unsuccessful. 

An identification of the three vector fields and freezing out the two scalar moduli reduce the present theory to 
minimal five-dimensional su pergra vity with the three-dimensional U-duality group G<2(2) , which was extensively studied 
recently along similar lines [3a , [37J . For this limiting case we have presented a new matrix representation for the coset 
G 2 ( 2 )/(5i(2, R) x SL(2, R)) in terms of the 8 x 8 matrices. 
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APPENDIX A: 8 x 8 MATRIX REPRESENTATION 



We choose the following 8x8 matrix representation of the so(4,4) algebra 

f A B \ 

E={ c _ A f), (AD 

where A, B, C are the 4x4 matrices, A, B being antisymmetric, B = —B T , C = ~C T , and the symbol T in A T 
means transposition with respect to the minor diagonal. The diagonal matrices H are given by the following A— type 



18 



matrices (with B = = C): 



.4 



Hi 



( V2 \ 


\ 0/ 



.4 



H 2 



( o\ 
V2 


\ / 



/0 0\ 

\/20 

\o o o o y 



.4 



/ \ 



\ V2 J 



Twelve generators corresponding to the positive roots are given by the upper-triangular matrices E k , k = 1, . .., 12,. 
From these the generators labeled by k — 2, 4, 6, 7, 9, 12 are of pure A-type (with £> = = C): 



= 



/ 1 



Vo o o o 

/ 
-1 


Vo o o o 



A Ei = 



A Ea = 





-1 


/0 -1 0\ 



\0 0/ 



Ae 6 = 



Ae,-, — 



while the other six are of pure B type (with A = = C): 

B E , = 

Br. = 















/ 















Be 3 = 


-1 













i) 





1 


v0 












V 


















/0 1 





-1 










B El0 = 

















!)■ 





-1 








1 






vo 






Be, = 



B f 



10 







/ 
0-10 


Vo o o o 





-10 
10 

/0 1 
-1 


Vo o o o 



The correspondence with the previously introduced generators is as follows (/ = 1,2,3, p = 7, 1 

P'^Ej, W T ^E I+3 , Zj^E I+6 , W~E p+3 , X^E 12 . 



In this representation, the matrices corresponding to the negative roots, 



P~' <-> E^!, W-i <-> E_ 



(1+3), 



I -^-(X+6)) 



n~ p *-> e 



-(P+3)' 



E. 



are transposed with respect to the positive roots matrices: 

E- k = (E k f. 
The following normalization conditions are assumed: 

tT(Hi,Hj) = 4%, i,j = l..A, tr(E k , E- k ) = 2, 
and the involution matrix K is chosen as 

K = diag(/t, k, 1, 1, 1, 1, k, k). 

The generators of the isotropy subgroup are selected by the Eq. |23|) . They are given by the following linear 
combinations of the generators: 



P 1 - kP~ 



Zi-kZ-i, Wi-W-i, x-kX~, 



- Q- 
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APPENDIX B: DETAILS OF THE COSET MATRICES 



The block matrices entering and i?*, being expressed though the target space potentials, read: 

\(u a v 3 -u 3 v a ) \ ( 



e** 3 C = 



*3*12 + *12*3 = 



-V 
-U a 



, a = 1,2; *i2 = - | v x u 2 v 1 v 2 
u x u 2 v}v 2 



q 1 o ^19 '-i 1 9 9 1 

V u u — U V u , —uvv+vvu 





3 19 3 9 1 

U V v — V V u 
— W 3 U 1 U 2 + U 3 V X U 2 



(u 3 ) 2 v 1 v 2 — u 3 v 3 v 1 u 2 — u 3 v 3 v 2 u 1 + (v 3 ) 2 ^^ 

#3*12*3 =(00 





The explicit form for Q is 
( 



Q = 



-«a -M3 + 





f3"l"2-2f3M2^1+"3'»l»2 _ V2 ^ 2 \ 



V 



-u 2 




and the blocks entering V are 



e*3A 



Ke^* 1 
ne^^r) A 



a = 1,2 



e*"Ae* 3 = ^e^ 1 [ 1 



(l^ T )+( 




A 



(Bl) 



APPENDIX C: TRANSFORMATIONS PRESERVING ASYMPTOTIC FLATNESS 



In this appendix we exhibit the action of the transformations generated by linear combinations of generators 



Z. 



W-i + p-i x-n~ 



on a neutral seed : 



X 1 = X 2 = X 3 = 1, 



1 / 1 \ , 1 / 1 \ , 

1 = — =W2 + —, = <Pl), 4>2 = —f=VP2 7=^l)) 03 = --"'/'I, 



-T- 1 

A 
i>' = 0, /iJ = 0. 



A = 



, A = A ^ 0, t = r = c-^ 1 



04 = 0, 



The relation e - ^^ 1 = r is a consequence of the condition X 3 — 1 (see Eq. (fT5|) h Such a seed may describe a neutral 
black ring or a black hole with one or two independent rotation parameters. Three above transformations preserve 
asymptotic flatness with the Guisto-Saxena choice of coordinates and generate some combinations of charges. For 
this seed the coset blocks simplify to 



V 









n \ 





n 


Mo 


) 



and we obtain he following transformations of the potentials: 



1. Zi + Z-i 

\> 77 = D- 2 / 3 (\ 77 c 2 -Ts 2 ), \' 7& = D- 2 ' 3 c\ 7 ^ A^ 8 = ^ 2 / 3 A 88 , t^tD- 1 ' 3 , 



with 



where 



IDt- 1 , 1 = 3 1 
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D-\ 1=1 
D 1 = 2 
1, / = 3 



fl'j = 0, = W 7 , = CW 8 , 

D = c 2 + s 2 A 88 , c=cosh(a), s = sinh(a). 
2. W-! + p-' 

r, _/A 77 , /=1,2 t , _ (A 78 (l-6)-A 77 6, / = 1,2 



A 77 - 

£>1 



A 77 , 1 = 3 ' 78 \^(A 78 (l-6)-A 77 6), / = 3 ' 



f A 77 £j - 2A 78 &(1 - 6) + A 88 (l - 6) 2 + a 2 (l - J = 1,2 

" lsf(A77C3 2 -2A 78 e 3 (l-6) + A 88 (l-6) 2 +« 2 (l-^i)), / = 3 ' 



r i-l TD ^> /=1 < 2 ^_{Dit-\ 1 = 1,2 
\DiD2 2 t, 1 = 3 ' "(At- 1 , 1 = 3 ' 



D 2 /Di, 1=1 
I>i/I>2, / = 2 
1, 7 = 3 



a; 7 = d 2 - 1 (w 7 (i + 6) - a 77 6), ^ = /VMi +6) - a 78 6), 

(„ J )' = S JI D^a(X 77 ^ + A 78 (l + 6 - £i) - w 8 (l - 6)), 
(u J )' = 5 JI D^a(X 77 (l - 6) - W7(l - 6)), 
= 5jj £>2 la ( w 7(l + 6) - A 77 ^i - r), 

<*'M£r«" + (£) 1 V'">- 

_ a 2 T _ a 2 uj 7 _ a 2 uj 8 _ a 2 X 77 

~ ~2~ ' ~~ — 2~ ' ~~ — 2~ ' _ — 2 — ' 

£>i = (l- 6) 2 + 2&(1 - ^i), £> 2 = (1 + 6) 2 - 2&(1 + 



3. X - 

A 77 = -a 2 T + A 77 £ 2 - 2A 78 aw 7 £i + A 88 a 2 w 7 , 
1 , 1~ 

A 78 = T - 2^77^1(1 + a) + A 78 (a + 6 + 2^6) - A 88 aw 7 (l + 
A 88 = - JaV + ^A 77a 2 (l + 6) 2 - A 78 a(l + &)(1 + 6) + A 88 (l + 6) 2 , 



/ =0) e ^i = B u e^, r , = D ( ; 1 r, 

7 = ^7(6 - 6) + a(iaA 77 + A 78 )r^ , 

8 = D Z X ^(^8 + aw 7 )(6 - 6) + a(ia 2 A 77 + 7^ aA 78 + A 88 )r^ 
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D„, = 



= o, ^ = o, (x J y = i, 

(1 — aiu 8 - -a 2 oj 7 ) 2 — a 2 (-a 2 \r7 + a\ 7 $ + A 8 s)t, 



£i = 1 - aw 8 , £ 2 



1 2 
-a w 7 . 



APPENDIX D: POTENTIALS IN TERMS OF V AND Q 

Here we give the explicit expressions for the target space potentials in terms of the components of the matrix V 
and Q: 

,1 _ 1 I ^ll,23-Dll,24 — -Dll,22-Dll,34 \ i2 _ f Qi2 \ ,3 _ ( 'Pllj'Pw 

~ Pll-Dll.22,33 V ^11,23^11,34 - ^11,24^11,33 / ' ^"^243/' ^ \ -Pia/Vll 

where DijM denotes the determinant of 2 x 2 matrix constructed from Vif 

Dij^kl = VijVkl — VikVji, 

and -Dii,22,33 is the determinant of the 3x3 minor of the 4x4 matrix V with the diagonal Vu, V22,'Ps3- The 
remaining quantities read: 



Ate 1 



V20i _ Jo _ 1 ( f 11,22 -Dll,23 



Vu I -011,23 D 1X 



33 



Ml = Qll - ■^—(^12243 + P13Q42), 

M2 = ^ + 7 -(uV-,V), 

M3 = Q 3 3 + ^(«V-?;V). 



e^ 4 = 7>44 - (M2 + ^3"1 - t>lU 3 )) 2 Pll " ~ 2A? 8 WiUi - A° 8 tif, 



111 

^7 = Sl2 + ""2/^2 + 7M1W2V3 - 77W3M1W2 + 7U3M2W1, 

6 3 6 

111 

^8 = Q13 + «2^2 - -zUzV\V 2 + -V 3 ViU 2 - -V3V2U1. 
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